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Abstract—In this paper, we consider different equalization
techniques for chirp-based communications systems. Although
chirps are more commonly used for radar systems, several
studies show their potential for either low-rate communication
or for high spectral efficiency using an overlapping technique.
However, previous literature has dealt only with additive white
Gaussian noise (AWGN) channels. In this paper, we investigate
the overlapped chirps under multipath channel models. More
specifically, we model the overlapped chirp-based communica-
tion system and then reformulate the receive signals to which
common linear and non-linear equalizers are applicable. For
the purpose of benchmarking, we demonstrate the effectiveness
of those equalizers in a realistic 5G tapped delay line (TDL)
channel model. Our simulation results show that, with proper
equalization, overlapped chirps can also operate under multipath
channels, and that non-linear equalization methods outperform
linear ones.

Index Terms—overlapping, chirp, equalization, spectral effi-
ciency, multipath.

I. INTRODUCTION

Frequency-modulated continuous wave (FMCW) signals,
also known as chirps, play an important role in radar systems,
especially for automotive applications, specifically due to the
possibility of low-complexity hardware implementations and
of their robustness against channel impairments. Beyond their
use for radar detection, some studies have also considered
chirp for communications [1]–[5]. Recently, there is renewed
interest in using chirps for communications, due to their
potential applications in joint communications and sensing
(JC&S), which is expected as one of the key features of beyond
5G systems [6]–[8].

Chirps can be transmitted either as non-overlapping or
overlapped signals. For example, non-overlapping frequency-
shift keying (FSK)-modulated chirps can be used for both
radar detection and low-spectral-efficiency communications
[9]. On the other hand, overlapped chirps can increase the
spectral efficiency significantly. Overlapped chirps can be
generated digitally using a Fresnel transform, in the orthogonal
chirp-division multiplexing (OCDM) approach [5], [10], but
also in the time domain, by reducing the interval between
consecutive modulated chirps [4], [11], which offers the
possibility of lower-complexity hardware. Different from the
binary orthogonal keying (BOK) approach, which employs
both up-chirp and down-chirp for communications [2], [3], a
linear modulation scheme can be used, in which each chirp is
modulated in phase and/or amplitude for communications [11].
However, whereas different chirps in OCDM are orthogonal,

the same cannot be held for time-shifted overlapped chirps,
except for very specific conditions [11]. In [4], the authors
derive a bit error rate (BER) formula for an infinite number
of overlapped chirps at a low spectral-efficiency regime, but
do not consider methods to compensate for the intersymbol
interference (ISI) between chirps. In [11], the BER under a
finite number of chirps was formulated together with extensive
analysis of the intersymbol interference power for different
spectral efficiency. In addition, the authors in [11] show that
simple linear equalizers, such as zero-forcing (ZF) can be
utilized to achieve the Nyquist signalling rate with sufficient
low BER close to that of non-ISI one. However, the studies of
both [4] and [11] are only limited to the ideal additive white
Gaussian noise (AWGN) channel.

In this paper, we investigate the chirp-based communi-
cations in multipath channel, which is usually the case in
practice. More importantly, we consider different equalization
techniques to find a proper equalizer for this severe ISI
condition. In particular, linear equalizers, such as ZF, may
not provide sufficient performance improvement. Therefore,
nonlinear equalizers are also investigated. In fact, the optimal
performance can be achieved with a maximum likelihood
(ML) equalizer, but it can be computationally prohibitive.
Because of this drawback, here we also investigate fixed sphere
decoder (FSD) and zero-forcing ordered successive interfer-
ence cancellation (ZF-OSIC) [12]–[15], which can provide a
good trade-off between complexity and performance.

Our main contributions include the following:

• To the best of the authors’ knowledge, we are the first to
work on equalization for overlapped chirps in a multipath
channel model.

• We arrive at a simplified representation for equalization,
considering the combination of the multipath channel and
the inter-chirp interference.

• We apply different equalization techniques for the system
of interest. More specifically, we study both linear and
non-linear equalization methods to find the most appro-
priate ones.

• The effectiveness of the equalization is evaluated ex-
tensively by means of simulation. In addition, we have
executed our simulations using a standard 5G multipath
channel model [16], which has not been reported before.

In Section II we describe the system model and the equal-
ization algorithms. We then present and analyze simulation



results in Section III and conclude the paper in Section IV.
Notation: Bold lower- and upper-case letters represent vec-

tors and matrices, respectively. In addition, a ∈ A means a is
an element of A whereas A ⊆ B indicates that A is a subset
of B. ⊛ denotes the convolution and O() is a notation for the
asymptotic complexity of algorithms. The floor function ⌊x⌋
gives the greatest integer value less than or equal to x.

II. SYSTEM MODEL AND EQUALIZATION TECHNIQUES

A. System Model

Let C denote the complex constellation set of a modulation
scheme. For instance, a C of an M -ary phase shift keying (M-
PSK) or an M -quadrature amplitude modulation (M-QAM)
will consist of M constellation points. A modulated chirp
signal is defined as

uk(t) = ϑks(t), (1)

where ϑk ∈ C represents the k-th data symbol, and

s(t) =
1

τd
ejπµt

2

, |t| ≤ τd

2
(2)

is a complex baseband chirp signal. Note that µ = B/τd is the
chirp slope, with B and τd the chirp bandwidth and duration,
respectively. As a result, we can express a communications
signal consisting of κ overlapped chirps as follows

x(t) =

(κ−1)∑
k=0

uk(t− kτ), (3)

where τ is the delay between consecutive chirps.
Assuming perfect synchronization at the communication

receiver, we obtain

y(t) = x(t)⊛ hc(t)⊛ hm(t) + n(t), (4)

where hc(t) and hm(t) = s∗(−t) represent the impulse
response of the channel and matched filter, respectively, and
n(t) = w(t) ⊛ hm(t) is the zero-mean complex colored
noise at the filter output, with w(t) the white Gaussian noise
component. In this paper, we assume that the channel impulse
responses, i.e., hc(t) is perfectly known at the receiver.

Recall that the spectral efficiency η = 1
τB and thus τ

plays an important role in increasing the spectral efficiency
for a given bandwidth. In this paper, we are interested in the
nontrivial case τ < τd. However, we need to compensate the
severe ISI by proper equalization methods as shown in the
following section.

B. Equalization Methods and Complexity

In what follows, we manipulate Eq. (4) to arrive at a generic
form to which common equalizers and detectors are applicable.
In particular, we rely on the following proposition to perform
efficient detection.

Proposition 1. Equation (4) can be equivalently expressed in
the standard form:

y = Hx+ n (5)

tτ
τd

f

B

Fig. 1: Overlapped chirp-based communications signal

where x = [ϑ0, ϑ1, . . . , ϑκ−1]
T , y = [y0, y1, . . . , yκ−1]

T ,
n = [n0, n1, . . . , nκ−1]

T , and H is an effective channel
matrix.

Interested readers can refer to the Appendix for the detailed
proof of Proposition 1. Note that the effective channel matrix
H takes both channel impulse responses and ISI components
into account and is generally not a symmetric matrix as the
case of AWGN [11]. We also remark that the length of the
received signal vector y can be larger than κ to account for
the multipath delay spread. To simplify the analysis, we have
however chosen to consider only κ samples at the output which
can still preserve sufficient information of both multipath
and ISI components while providing low-complexity matrix
operations.

In [11], the authors showed that simple linear equalization
methods, such as zero-forcing (ZF), can be sufficiently ef-
ficient for AWGN channels. We demonstrate shortly in the
numerical results that this approach no longer works for the
multipath channel model. Instead, we have to turn to nonlinear
methods, which are more promising for the considered prob-
lem. More specifically, we consider the following non-linear
equalizers and detectors.

1) Maximum likelihood (ML): We try to solve the follow-
ing problem:

x̂ = argmin
x∈Cκ

||y −Hx|| (6)

where Cκ is the constellation set of the transmitted
symbols. For our considered problem, the complexity
of the detection is O(Mκ), which becomes excessively
high when we increase the number of symbols or the
constellation size.

2) Fixed sphere decoder (FSD): Different from ML, which
searches over the whole constellation, FSD assigns a
fixed number of candidates per level which is generally
less than or equal to M [14], [15]. Note that a level
corresponds to an order of the symbol in the current
context. Thus, only a subset S ⊆ C will be searched and
the complexity of the decoder is fixed. More importantly,



TABLE I: Common simulation parameters

Parameters Value
Channel model 5G TDL
Mode A
RMS delay 90 ns
Tx/Rx antennas 1/1
Chirp duration 1 µs
Channel realizations 12000

we can choose the number of candidates irrespective of
the noise power.
For simplicity, we consider the first L levels will perform
ML search and the rest will search over one candidate. In
other words, the complexity of this approach is O(ML).
It is worth noting that the complexity of FSD is equal
to that of ML when L = κ.

3) Zero-forcing ordered successive interference cancella-
tion (ZF-OSIC): This approach has lower complexity in
comparison with ML and can be referred to as sequential
nulling and cancellation detection [12], [13]. The system
first decodes and then cancels the strongest signal and
then continues in this fashion for the remaining signals.
The main operation contributing most to the complexity
of the algorithm is the inverse of the channel ,i.e., O(κ3).
Thus, the overall complexity of this algorithm for our
considered problem is O(κ4).

As analyzed above, ML can achieve the optimal perfor-
mance but suffers from high complexity, whereas FSD can
trade off the performance and complexity. For further details
of the equalization methods, we refer interested readers to
[12]–[15]. The performance of these equalizers and detectors
for our overlapped-chirp-based system under different spectral
efficiency will be detailed in the Section III.

III. NUMERICAL RESULTS

In this section, we numerically evaluate the performance of
the proposed approaches. We first give a concise summary
of the channel model followed by the simulation results.
It is worth noting that simulations were performed using
our Python-based open-source link-level simulator, HermesPy
[17].

We adopt the 5G tapped delay line (TDL) model for our
simulations, which is one of realistic channel model stan-
dardized for 5G [16] studies. In the 5G TDL channel model,
the first three modes (TDL-A, TDL-B, TDL-C) are designed
for non-light-of-sight (NLOS) propagation, which is of our
interest. Although the power delay profile and the number of
taps are different for each mode, in all of them individual taps
follow a Rayleigh distribution.

In the following, the chirp duration is fixed at 1 µs. For
FSD, we consider the full constellation search for L = ⌊κ1/3⌋
symbols. In addition, we consider TDL-A for the majority
of the simulations and the results are averaged over 12000
channel realizations. The common simulation parameters are
summarized in Table I. Other parameters are specified for each
setting, unless stated otherwise.
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Fig. 2: Performance of linear and nonlinear equalizers under
different spectral efficiency. Chirp duration τd = 1µs and chirp
bandwidth B = 500MHz.

In the first experiment, we set the bandwidth to 500 MHz
and changes the chirp interval τ so that the spectral efficiency
varies from η = 0.2 to the Nyquist signalling rate, i.e., η = 1.
For the purpose of benchmarking all aforementioned equaliza-
tion methods, we send a block of 10 binary phase-shift keying
(BPSK)-modulated symbols so that high-complexity equaliz-
ers like ML can still generate the result without excessive
cost. More importantly, the performance of ML can show the
bounds for the remaining equalization methods. In fact, Fig. 2
has several implications. First, for the considered multipath
system, we cannot decode a transmitted message properly
without an equalizer. Second, linear equalization methods such
as ZF do not work efficiently in a multipath environment.
Note that the performance of ZF in higher overlapping rate
is better than that of lower rate, possibly because the former
corresponds to the case in which the noise is less amplified.
Third, the optimal ML achieves the best performance followed
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Fig. 3: Average runtime of different equalization methods.

by FSD and ZF-OSIC, as expected. Moreover, we can observe
the performance degradation of these equalizers when the ISI
becomes severe, e.g., at the Nyquist rate. Interestingly, non-
linear equalizers can still show acceptable performance.

Next, we consider the average runtime of a simulation with
respect to the number of symbols. In particular, we vary the
signal-to-noise ratio (SNR) from 0 to 48 dB with a stepsize
of 2 dB and also change the number of symbols to record
the runtime for the whole simulation. For a fair comparison,
we executed the Python code on the same 64-bit desktop
which supports 32 GB RAM and Intel Xeon Gold. In fact,
the runtime, though including not only the complexity of the
equalization or detection methods but also the complexity of
the overall chirp-based systems, still relatively reflects the
complexity of each equalization technique. Unsurprisingly, all
methods have shown similar performance under a short block
of data symbols, e.g., 5 symbols (c.f. Fig. 3). However,
the difference will become significant when the number of
symbols increases. For instance, for a block of 12 symbols,
the runtime of ZF, ZF-OSIC, and FSD are still comparable
while that of ML increases dramatically. As a consequence,
FSD and ZF-OSIC can provide a good trade-off between those
techniques, which is in line with what we discussed in the
complexity analysis. It is however worth noting that if we
increase the number of levels, i.e., L which perform ML search
in FSD to improve the BER performance, its complexity will
approach that of ML.

We now turn our attention to the effect of the time-
bandwidth product on the performance of the chirp commu-
nications system. It is well-known that this value of radar
systems is commonly large. In particular, we change the time-
bandwidth product Bτd from 100 to 500, with BPSK at the
Nyquist signalling rate. As can be seen from Fig. 4, the
performance degrades with a higher value of time-bandwidth
product. This phenomenon can stem from the severe effect of
ISI when the main lobe of the chirps at matched-filter response
is narrower.

In the last simulation, we study the performance of the
equalization methods under different channel settings and
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Fig. 4: Performance of nonlinear equalizers with varying
values of time-bandwidth product.
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Fig. 5: Performance of ZF-OSIC under TDL-A and TDL-B
channels.

modulation schemes, also at the Nyquist rate. Since we in-
crease the block of symbols, e.g., 20, we choose ZF-OSIC for
this simulation since it provides both good BER performance
and low complexity, as shown in the preceding simulations.
The BER curves of BPSK and QPSK after equalization show
similar perfomance and are better than that of 16-QAM, which
is consistent with the BER patterns of traditional modulation
schemes. In TDL-A, the delay profile spreads over a larger
range than under TDL-B, which possibly causes severe ISI
under such high overlapping rate, i.e., Nyquist rate. Thus, its
performance shows some degradation in comparison with the
case of TDL-B (c.f. Fig. 5).

IV. CONCLUSION

We have studied the performance of communications sys-
tems using chirp pulses in multipath channels using 5G
TDL channel model. More importantly, we have derived a



simple reformulation of the receive signal to which common
equalization methods can be applied. Simulation results have
shown that simple linear equalizers do not work efficiently but
nonlinear ones do. Moreover, lower-complexity-than-ML tech-
niques such as fixed sphere decoder (FSD) and zero-forcing
ordered successive interference cancellation (ZF-OSIC) can
provide a good trade-off between the performance and the
complexity for our considered system.

ACKNOWLEDGEMENT

This work is financed by the Saxon State government out
of the State budget approved by the Saxon State Parliament.

APPENDIX

PROOF OF TRANSFORMATION OF EFFECTIVE CHANNEL

Due to the commutativity property of the convolution, we
can rewrite Eq. (4) as follows

y(t) = x(t)⊛ hm(t)⊛ hc(t) + n(t), (7)

which in turn results in

y(t) =

(κ−1)∑
k=0

ϑkr(t− kτd)⊛ hc(t) + n(t), (8)

or equivalently,

y(t) =

(κ−1)∑
k=0

ϑkh(t− kτd) + n(t), (9)

where h(t) = r(t)⊛hc(t) and r(t) is the output of the matched
filter of a chirp signal.

In this paper, h(t) represents both the transmit carrier,
receive filter and the channel impulse response. Apart from
pulses, those derivations are applicable to any other waveforms
which are not necessarily limited to chirps. In case of the
chirp signal considered in this paper, we have a closed-form
formula for r(t), which is commonly referred to as the chirp
autocorrelation [2], [4] given by

r(t) =
sin

(
πBt(1− |t|

τd
)
)

πBt
, |t| ≤ τd. (10)

Each sample at the receiver will contain partial information of
transmitted symbols and multipath components. As mentioned
in Section II-B, we choose κ samples in the following analysis
for the purpose of simplicity. After sampling at t = iτ, i =
1 . . . κ corresponding to κ transmitted symbols, the receive
signal can be written in the discrete form as follows:

yi =

(κ−1)∑
k=0

ϑkh((i− k)τ) + ni, (11)

or equivalently

yi = ϑ0h(iτ) + ϑ1h((i− 1)τ) + ϑ2h((i− 2)τ) + . . .+

ϑκ−1h((i− κ+ 1)τ) + ni. (12)

Denoting x = [ϑ0, ϑ1, . . . , ϑκ−1]
T , y = [y0, y1, . . . , yκ−1]

T ,
n = [n0, n1, . . . , nκ−1]

T , we can obtain the following:

y = Hx+ n (13)

where the effective channel matrix is given by

H =


h(0) h(−τ) · · · h(−(κ− 1)τ)
h(τ) h(0) · · · h(−(κ− 2)τ)

...
...

. . .
...

h((κ− 1)τ) h((κ− 2)τ) · · · h(0)


(14)

.
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